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Abstract
A cartel is generally perceived as a specific miaftien of oligopoly where cartel subjects acceda tiscreet
agreement between formally legally independent econ subjects which together enter into a contvattt an
aim of reaching a more favorable position on reféwaarket and thus eliminate the mechanism of caitige
Cartels which, based on the agreed market strategiay follow common price strategy, set their piaitbn
quotes or divide the market are forbidden in theopaan Union countries as well as in many countrigside
the EU. This functional scheme of cartel behawsothus fundamentally incompatible with generallpmarted
terms of competition protection on the markets evaloped economies. In the developed economieteof t
European Union and the world there are establigfmernmental institutions to control and guarartee
conditions of economic competition.

In this article we will present the mathematiaainfialization of the model of equilibrium price aswpply of
the cartel agreement participants and point oustigal inefficiency of such decision-making scheinemore

detail we will discuss the analysis of the price@&aconsidering various costs of the producers.
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1. Introduction

A cartel is a specific case of oligopoly with arspacified number of buyers but only a small
number of sellers. The upper limit of the numbethef sellers in the market structure for it to
be defined as oligopoly is not explicitly defindde key issue is not the number of the sellers
but the way they communicate with each other, hosy treact to their individual intentions
and how they jointly address the conditions andibaiies of the oligopoly market
equilibrium, that is how they resolve the questiddrmarket price of their products, how they
set the total supply of the sector and how theyagm the individual contribution of the

oligopoly subjects to the creation of total oligbpsupply on the relevant market.
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It should be noted that each action of a partrciiten in an oligopoly affects the behavior
of other firms on the market. Price lowering of dmm will likely decrease a market share of
other firms on the production of a sector. In othards, responses of the competitors in
oligopoly may have a significant effect on a resafitmanagerial decision making on an
oligopoly market. It is therefore clear that a desmn making about optimal price and supply
in an oligopoly is far more complicated than inetmarket structures.

Let's mention two other characteristics which digmsc market structures — product
differentiation and conditions for entering and texj a sector. A product sold in the
oligopoly may be either homogenous or differentdaté a product is homogenous we say
that a market representsire oligopoly. Unlike pure oligopoly, in case of homogenous
product we speak ofdifferentiated oligopoly.

In [5] we can see that the most typical featuffesnooligopoly that characterize this market
structure and differentiate it from other types rofirket structures are a necessity of
communication between oligopoly subjects, iderdiflcn of interdependencies and a search
for generally acceptable solutions. An action oé aeller may affect another seller and thus
make the other seller react in a way which affébts first seller in return. Firms in an
oligopoly will seek mutual agreement based on wei@assumptions and schemes of
alignment of interests which will be determineddpgcific characteristics of a sector.
Methodological problems of formulating oligopoly dels rise from the great diversity of
ways in which firms can interact and conclude agwegs on the distribution, market shares
and market prices. Simply said, there is no gemaaalel of oligopoly.

However there are models which analyze oligopatgislon making based on certain
assumptions about interactions between firms. isyfaper we examine a general scheme of
oligopoly equilibrium model on which we present cfie aspects of mutual relations
between oligopoly subjects in a process of settngequilibrium price and supply of
oligopoly.

In the paper we present the results of microecanamalysis of a cartel equilibrium model
and show how a method of setting an optimal pritze supply of a cartel limits the laws of

competition.

2. General equilibrium model of supply and price on the oligopoly market
To begin our analysis we examine an oligopoly mastaucture where on the supply side
there aren producers who conclude a cartel agreement on matkaing and price and

supply optimization. We also assume that the nurabbuyers forming demand is unlimited.
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Therefore any communication let alone common coatéid actions of buyers are ruled out.
Behavior of the buyers in the market consideringupply of a homogenous product @f
units at an acceptable priBeis described by a price-demand function of anayebuyer in

a relevant market as follows:

p(q) (1)

where: R — volume of supply/demang[IR — product pricep(q) — real price-demand
function, p(g): R— R, while price-demand function indicates that aarage buyer is willing

to buyq units of a product at a unit pripe Every producer in oligopoly suppligsi=1, 2,...,

n
n units of homogenous production and a total supptpé sector i = Zqi :
i=1

At first let’'s examine separately the behavioeath of the producers in a sector having an
interest to conclude a cartel agreement and letsrest in an analytical presentation of
conditions which need to be fulfilled for these gwoers to reach a maximum profit without
having to use this agreement. Fendekova and Fga¢iskows that each producer in a sector
has his own individual technological production dibions defined by the cost function
tci(g), which must guarantee such costs for amount adymotion g;, that represent minimal

production costs:

¢, (q)=vc(q)+fi fori=1,..,n (2)

where:q; — volume of supply of am th oligopoly producerg; O R, ci(q) — real function of
total costs of am th oligopoly producerg: R- R, vci(Q) — real function of variable costs of
ani th oligopoly producenci: R- R, fi — fixed costs of amth oligopoly producer.

While a price of productiog; of ani th producer is also influenced by volume of supgly
other producers; for j=1, ...,n, jZi therefore an acceptable price for the market foickvan

i th producer sells his productignis given by:

n

pi=p(@=p (Z qi) =p(q1 + 92+ +qn) 3)

i=1

and p; = p = const, i=12,..,n

A price of a homogenous product is therefore @msfor all the producers in an
oligopoly. We can see that a major complicationaihéach producer in an oligopoly must
deal with while setting a price of his productio that his production price is not only
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a function of his own supplyg; but also of supplies; for j = 1, 2, ...,n, j Zi of the other
oligopoly producers while the price in the endhe same for all oligopoly producers (but in
a special class of models of a price leader witbsegdual demand). So the revenue function of

thei th producer in an oligopoly is:

n

1;(q:) =p<z qi>qz =p(q1+ g2+ + qn)a; (4)

i=1

and the profit function of thieth producer in an oligopoly is

n

m;i(q;) =1:(q) —ci(q;) =p (Z Qi) q; — ¢i(q;). (S)

i=1

Note that a revenue function of théh producer in an oligopoly de facto is a functmfn

one variabley because in a price-demand function

n

p;=p(@)= p(Z ql-) =pla, + 4, ++4q,)

i=1

only his own supply; is a variable while the suppliggforj = 1, 2,...,n, ] #Zi of the other
oligopoly producers are parameters of this functidnproblem of solving the optimality
conditions of the th producer then represents a way to find suchpéimal supplyg of the

th producer given a production pripefor which the producer reaches maximum profit

mi(q;) = ri(q,) — ci(q,) - max. 6)

Problem (6) represents unconstrained optimizagwablem and assuming that the
functions used in a model are smooth i.e. contisland differentiable, a necessary condition
for an extremum of the profit function (5) of théh producer in an oligopoly is:

an;(q;) _ ar;(q;) — 0c;(q;) _ Ip(Xi-19)q;  0c¢i(q;) _ .
= = - =0i=1,..,n (7)
aq; aq; aq; aq;

and a sufficient condition for a maximum, i.e. @trconcavity, of a profit function for
a stationary poing® gotten from a solution of an equation for necessandition for an
extremum (7) is:

0°m;(q;)

5.2 <0. (8)

l9i=a:"]
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It can be shown that a way to solve an equilibripnoblem (6) of a firm in an oligopoly is
determined by whether the conditions in an oligg@oke competitive for a producer, meaning
a producer faces a risk of other producer settimtiffarent, seemingly lower, price of their
production, which is a standard hypothesis for bgopoly, or a producer is economically
strong enough to potentially gain a position inadigopoly and dictate the conditions or in
extreme case take a position resembling a monopelyall, Richards, Norman [5] shows, that
in both cases a firm in a dominant position in digopoly sets the price individually in
accordance with its own visions based on its owhrielogical production conditions.

In the first case of competitive relations in digapoly thei th individual producer sets his
optimal supplyq“® depending on common market price of the producBes based on
a solution of a following equation of optimality radition of a firm in a competitive

environment for maximization of its profit

\ oc,(q;
q%:pco =p (Z qi) = CaE;I ). 9)

i=1

In the second case of a noncompetitive environnrer@n oligopoly the th individual
producer, having a dominant position in an oliggpskts his optimal supply®- depending
on a market price of the productid?y. that only he dictates, based on a solution of
a following equation of optimality condition of awhinant firm in an oligopoly environment

for maximization of its profit

inL:pOL = (Z Qi> _ e(q;) aci(%‘)’ (10)

= ~1+e(q) dg;
wheree(q) : R-Ris a real function of an own price elasticity ofl@mand for homogenous
product assuming that the demand is elastic anadlwe\of an own price elasticity function
satisfies(q;) > 1, resulting into

e(q;)

Needless to say, it is not simple to clearly deciech of the two general principles
should be applied while quantifying oligopoly edwilum of particular cases of market
structures. After all, (9) and (10) formalize onhe general principles of problem solution.
A particular scheme of an oligopoly structure traetermines particular methodology to

quantify oligopoly equilibrium. Moreover, using thsecond scheme implicates other
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guestions, mainly a participation of other subjemtisa process of market sharing. Obviously
many other questions such as this one may be fateull
It is obvious that, assuming an elastic demamuica dictated by a producer in a dominant
position without a risk of a competitors’ presstwdower the price is always higher than in
a case of a competitive environment in an oligoplrygeneral
pOL > pCo. (12)

Solving the generally formulated problems based (& and (10) allows quantifying
oligopoly equilibrium. Particular process of satutidepends on assumptions which are used in
strategic interactions of the firms in oligopohhr&€e scenarios are possible:

(a) Each firm in oligopoly decides about its prath strategy under an assumption that it can
guess the production strategies of other firmsirkdmice of strategies must in the end converge
to a state acceptable for all the subjects in mojbly. Based on this strategic interaction their
positioning is a convenient consensus for all itmed.

(b) Position of one firm in an oligopoly is stroagough in a sector and relevant market for other
firms to respect its hegemony on the market anfbrim their production strategies based on
information about stronger firm decisions. Thisigien making scheme of production strategies
of an oligopoly is described in solution of an ofgly equilibrium problem as a relation of
a leader and followers.

(c) The above described groups of an oligopolyldmjium models assumed that the subjects in
an oligopoly are in a competitive relation and ldase a competition they struggle for the best
market position and that a final state is an outcamtheir strategic interactions on the market.

There is one other specific situation which, hosvevepresents a violation of competition
principles. Firms in an oligopoly may close an agnent on collusion — an agreement on
a division of the market or on a price of productrath an objective of common oligopoly profit
maximization. Part of this agreement is a schemthefprofit division between the oligopoly
subjects.

Optimality conditions of equilibrium price and gy problem (7) in the end represent
a system of in general nonlinear equations mvariables. The solution of this system
represents so callgmhreto optimal division of a market between the producers whamh @f
the producers may increase their market share whn some of the remaining producers

worsens his position.
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3. Model of supply and price equilibrium in acartel

Let’'s now study a situation in a sector where wsuaee the individual producers agree on
a common course of action while setting a volumeheir production, market shares and
market price. So the producers will de facto ackhasonopoly even though formally they
remain independent firms.

If the producers ignored a behavior of the othdpcers while making their decisions,
every firm would independently solved its own prafiaximization problem in a form (6)
based on optimality conditions (7).

If, however, the firms won’t proceed independerilyt agree on common approach to
production and sales, by which they violate thedtioions of competition.

So the firms agree on a common course of actitreyTwill seek such a solution of
equilibrium on a market that would maximize thearmanon profit and adjust their individual
production strategies to this solution. They whiétefore seek optimal volumes of supply of

their production based considering common proficfion maximization in a form:

n

n(q) = ”(Z ‘h) = zn: m;(q;) = Zn: 1:(q;) — Zn: ¢ (q;). (13)
i=1 i=1

i=1 i=1

After expressing a price of cartel production uganige-demand function (3) mvariables
we transform a common profit function maximizatiproblem (13) of cartel subjects to a

problem in a form:

n n

(q, G2, ) Gn) = Z p(q1, G2 > Q)i — Z ¢;(q;) » max. (14)

i=1 i=1

Optimization problem (14) represents an unconstchincommon profit function
maximization problem im variables and is realized in a stationary pointaotoncave

function of a common cartel profit satisfying nexay optimality conditions in a form:

a”(qllgczz' -0 d,) — 0(2i=1p(9,, 9y ézn)qz —Xisialq)) i=12,..,n (15)

l

A degree of difficulty of a solution of necessaptimality conditions defined by a set of
nonlinear equations (15) is, naturally, determibgda degree of difficulty of a price-demand
function of a sector and cost functions of paracydroducers — cartel subjects.
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4. Conclusion

An oligopoly represents a market structure whelended number of producers operate on
a market of a sector. Firms in an oligopoly muspeet an existence of their competitors and
seek mutual agreement based on different assunspdiotd schemes of aligning the interests
which will be determined by specific characteristof a sector. In this competition scheme an
existence of an oligopoly in accordance with thieswf economic competition is socially
effective and a presence of the competitive rebation a producers’ side is naturally effective
as well. A different situation occurs when the f&rim an oligopoly which formally declare
their independency and the existence of competitalations in a sector, close a secret
agreement on joint process of fixing a volume gi@y and price of a product in a sector,
which is clearly against the principles of a contpet protection. In this case we speak of
a cartel. An aim of this practice is an effort éach an extra profit for cartel subjects.

If the producers in a sector close the agreembéated on cartel principles, they
significantly limit a quality of a competition antlis an obligation of a state to regulate or
eliminate this condition by legislation. In thispe we dealt with methodological tools of
microeconomic analysis for fixing an optimal supplyd price of a cartel and showed the

ineffectiveness of such market structure.
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